A weakly Einstein manifold is a natural generalization of a 4-dimensional Einstein manifold. In this paper, we shall give a characterization of a weakly Einstein manifold in terms of so-called generalized Singer-Thorpe bases.
Introduction
Berger [2] derived a curvature identity on a 4-dimensional compact oriented Riemannian manifold from the generalized Gauss-Bonnet formula. Further, Labbi [11] extended the curvature identity to the higher dimensional cases. In the previous work [5] , we gave a direct proof of the fact that the curvature identity holds on any 4-dimensional Riemannian manifold which is not necessarily compact. Consequently, we proved that the following curvature identity holds on any 4-dimensional Riemannian manifold M = (M, g):
Here,Ř :Ř ij = R abci R abc j ,ρ :ρ ij = ρ ai ρ a j , L: (Lρ) ij = 2R iabj ρ ab , (see [6] ). We note that the constancy of |R| 2 follows from (1.2) automatically in dimensions n > 4 (see [3: Lemma 3.3]), however the constancy of |R| 2 is not automatically satisfied but it is usually required (see [6] ) for a 4-dimensional super-Einstein manifold. From the curvature identity (1.1), we may easily check that any 4-dimensional Einstein manifold M = (M, g) satisfies the curvature equation (1.2) with n = 4, namelyŘ
However, the converse of the above is not necessarily valid (see [5] ). In [5] , we defined a weakly Einstein manifold based on this situation as a 4-dimensional Riemannian manifold satisfying the condition (1.3) (with |R| 2 not necessarily constant). By the definition, a weakly Einstein manifold is a generalization of a 4-dimensional Einstein manifold. Therefore, it is natural to ask how large the difference between Einsteinness and weakly Einsteinness. As a characterization of a 4-dimensional Einstein manifold, the following theorem is well-known. The main purpose of the present paper is to give a generalization of Theorem A, which is a characterization of a weakly Einstein manifold. Namely, we shall prove the following:
Einstein if and only if there exists a generalized Singer-Thorpe basis of T p M at each point p ∈ M . Now, we can easily see that Theorem A plays an important role in the proof of the Hitchin inequality [7] . As an application of Theorem B, we establish a Hitchin-type inequality for a compact oriented weakly Einstein manifold ( §4, Proposition 4.1), which is a generalization of the Hitchin inequality. Further, we may derive another Hitchin-type inequality from the inequality in Proposition 4.1. Namely, we shall prove the following: Ì ÓÖ Ñ Cº Let M = (M, g) be a compact weakly Einstein manifold. Then, the following inequality holds on M :
where χ(M ) and p 1 (M ) are denoted the Euler number and the first Pontrjagin number of M , respectively.
In §2, we shall prepare some fundamental terminologies and notational conventions for the forthcoming arguments. In §3, we shall give a proof of Theorem B. In §4, we shall give proofs of Proposition 4.1 and Theorem C, and further provide an example to illustrate the inequalities.
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Preliminaries
Let M = (M, g) be a 4-dimensional Riemannian manifold and X(M ) be the Lie algebra of all smooth vector fields on M . We denote the Levi-Civita connection, the curvature tensor, the Ricci tensor and the scalar curvature of M by ∇, R, ρ and τ , respectively. We assume that the curvature tensor R is defined by
. Further, we denote the Ricci transformation by Q given by ρ(X, Y ) = g(QX, Y ) for X, Y ∈ X(M ). Then, we may easily check that Q is symmetric with respect to the metric g, namely, g(QX, Y ) = g(X, QY ) for X, Y ∈ X(M ). Now, we may rewrite the curvature identity (1.1) as follows:
with respect to an orthonormal basis {e i } (1 i 4) of T p M at any point p ∈ M , where R ijkl = g(R(e i , e j )e k , e l ) and ρ ij = ρ(e i , e j ).
We here introduce some special kinds of orthonormal basis of T p M at any point p ∈ M and explain their intermediate relationships. We assume that an orthonormal basis {e i } (1 i 4) of T p M is simultaneously a Ricci eigenbasis and Chern basis [4, 9, 10] and ·, · the inner product on g given by e i , e j = δ ij . Let G be a connected and simply connected solvable Lie group with the Lie algebra g of G and g the G-invariant Riemannian metric on G determined by ·, · . We set ∇ e i e j = 4 k=1 Γ ijk e k (1 i, j 4). Then, we get
and further, from (2.5), we obtain
and otherwise being zero up to sign. From (2.6) and (2.7), by direct calculations, we have
and otherwise being zero up to sign. Thus, we may easily check that the orthonormal basis {e i } is a Ricci eigenbasis satisfying 
Proof of Theorem B
First, we shall prove the following proposition which gives a necessary condition for a 4-dimensional Riemannian manifold to be weakly Einstein. 
holds and also the following cases (1) ∼ (4) never occur: 
Similarly, we get Thus, from (3.9)∼(3.11), we have (3.1). Next, from (3.1), we see that the following eight cases can be taken into consideration;
Then, we get also
Then, we get
and hence, λ 1 + λ 2 + λ 3 + λ 4 = 0 (i.e., τ = 0). Thus, from the above arguments in Cases (i)∼(viii), we see that the cases (1)∼(4) in Proposition 3.1 do not occur.
Remark 3.2º
In the proof of Proposition 3.1, we may note that Cases (ii) to (iv) (also for Cases (v) to (vii), respectively) are all essentially equivalent.
The following examples illustrate Proposition 3.1. Then, from the examples we can easily check that M is not a weakly Einstein manifold. The following examples show that a weakly Einstein manifold is not necessarily Einstein. where a ( = 0), b are constant. We define an inner product ·, · on g by e i , e j = δ ij . Let G be a connected and simply connected solvable Lie group with the Lie algebra g of G and g the G-invariant Riemannian metric on G determined by ·, · . From (3.12), 
and otherwise being zero up to sign. From this, we can easily check that G is not Einstein since the Ricci curvature components satisfy ρ 11 = −3a 2 but ρ 22 = a 2 . We also can easily check that G satisfies (1.3) , thus G is weakly Einstein. Then, we see that (G, g) belongs to Case (v).
Remark 3.8º
Jensen [8] proved that a 4-dimensional homogeneous Einstein manifold is locally symmetric. We may easily check that Example 3.7 is homogeneous but not locally symmetric. Thus, Example 3.7 shows that Jensen's result does not necessarily hold for weakly Einstein manifolds in general.
In the remainder of this section, we shall give a proof of Theorem B.
P r o o f o f T h e o r e m B.
Necessity: From Proposition 3.1, it suffices to prove that there exists an orthonormal Ricci eigenbasis {e i } of T p M at each point p ∈ M which satisfies (2.4). Let M = (M, g) be a weakly Einstein manifold. We take any orthonormal Ricci eigenbasis {e i } and fix it. We shall change this basis to another orthonormal eigenbasis satisfying (2.4). From (1.3) and (2.1), we have the following equality 2 a ρ ai ρ aj + 2
15)
Setting i = j = 1 in (3.15), we get
Similarly, we get
(3.17) Further, setting i = 1, j = 2 in (3.15), we get the following
Then, the following cases are to be considered: 
